A new approach to hom-Lie bialgebras * 

Yunhe Sheng 
Department of Mathematics, Jilin University, 
Changchun 130012, Jilin, China 
"(^0~ | Email: shengyh@jlu.edu.cn 

q . Chengming Bai 

CN | Chern Institute of Mathematics and LPMC, Nankai University, 
£h; Tianjin 300071, China 

^a • Email: baicm@nankai.edu.cn 

r-> 

(-H , Abstract 

»-H In this paper, we introduce a new definition of a hom-Lie bialgebra, which is equivalent to 

(— i a Manin triple of hom-Lie algebras. We also introduce a notion of an O-operator and then 

construct solutions of the classical horn- Yang-Baxter equation in terms of C-operators and 

hom-left-symmetric algebras. 
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1 Introduction 



The notion of a hom-Lie algebra was introduced by Hartwig, Larsson, and Silvestrov in [S] as 
part of a study of deformations of the Witt and the Virasoro algebras. In a hom-Lie algebra, the 
Jacobi identity is twisted by a linear map, called the hom-Jacobi identity. Some q-deformations of 
the Witt and the Virasoro algebras have the structure of a hom-Lie algebra [S] . Because of close 



Keyword: hom-Lie algebras, hom-Lie bialgebras, Manin triples, r-matrices, O-operators, hom-left-symmetric 
algebras 

°MSC: 17A30,17B62. 

♦Research partially supported by NSFC (11101179, 11271202, 11221091) and SRFDP (20100061120096, 
20120031110022). 



relation to discrete and deformed vector fields and differential calculus [5J H3 [7] , hom-Lie algebras 
are widely studied in the following aspects: representation and cohomology theory [TJ [2J QTJ [*H] . 
deformation theory [5] , categorification theory [12] , bialgebra theory [31 Q21 [T3] . See [HI HH1 HE1 E] 
for other interesting hom-algebra structures. 

In |13j . the author introduced a notion of a hom-Lie bialgebra, and study coboundary ones and 
triangular ones in detail. A hom-Lie bialgebra is a hom-Lie algebra (g, [■, -Ig,^) together with a 
cobrackct A : g — > A 2 such that A is a 1-cocycle: 

A[x,y] =ad 0o(:r) A(y)-ad 0o(y) A(x). 

In the case of the ordinary Lie algebras, there is a Manin triple of Lie algebras which is equivalent 
to a Lie bialgebra. However, a hom-Lie bialgebra defined above does not satisfy this property. 

In this paper, we introduce a new definition of a hom-Lie bialgebra (Definition 13. 3[) . Now given 
a hom-Lie bialgebra (0,0*), 0©0* is a hom-Lie algebra such that (0©0*; 0, 0*) is a Manin triple of 
hom-Lie algebras. We also study the classical horn- Yang-Baxter equation in detail, and construct 
an ?*-matrix in the semidirect hom-Lie algebra by introducing a notion of an O-operator for a 
hom-Lie algebra. 

The paper is organized as follows. In Section 2, we recall representations of hom-Lie algebras 
and corresponding coboundary operators. In particular, we extend the hom-Lie bracket to A*0, 
which will be used when we consider coboundary hom-Lie bialgebras. Given a representation 
(V, A, p), we also give the condition under which (V*, A* , p*) is also a representation. In this case, 
we say that the representation is admissible. We also give some basic properties for admissible 
representations. In Section 3, we introduce the notions of a matched pair of hom-Lie algebras, a 
hom-Lie bialgebra, and a Manin triple of hom-Lie algebras. The following three expressions are 
equivalent: (0,0*) is a hom-Lie bialgebra, (0,0*; ad*, at)*) is a matched pair of hom-Lie algebras, 
and (0©0*; 0, 0*) is a standard Manin triple of hom-Lie algebras. In Section 4, we study coboundary 
hom-Lie bialgebras and triangular hom-Lie bialgebras. In particular, we describe the condition of 
r being a solution of the classical horn- Yang-Baxter equation using a cocycle condition. We also 
consider Lagrangian hom-subalgebras at the end of this section: we prove that Gr is a Lagrangian 
hom-subalgebra of © 0*, which is the double of a hom-Lie bialgebra (0,0*) if and only if R 
satisfies a Maurer-Cartan type equation (Theorem 14. lip . In Section 5, we study r- matrices in 
terms of operator forms. We introduce a notion of an O-operator, which can be viewed as a 
special hom-Nijenhuis operator for the semidirect product hom-Lie algebra. The relations between 
O-operators and hom-left-symmetric algebras are studied. At last, we construct solutions of the 
classical horn- Yang-Baxter equation in the semidirect product hom-Lie algebras in terms of O- 
opcrators (Theorem 15. 12|) and horn- left-symmetric algebras (Corollary 1 5. 13|) . 

Throughout this paper, all vector spaces and algebras are assumed to be finite-dimensional, 
although many results still hold in the infinite-dimensional case. 

Notations: x, y, z, Xi, y% are elements in 0, £, rj, 7 are elements in 0* and u,v,w are elements 
in V. ad and at) are the adjoint representation associated to hom-Lie algebras and 0* respectively. 

2 Representations of hom-Lie algebras 

In this section, we recall some basic notions and facts about hom-Lie algebras and their represen- 
tations [51 [TT]. 



Definition 2.1. 5 A hom-Lie algebra^ is a triple (q, [•, •] B ,(f>g) consisting of a linear space 
q, a skew- symmetric bilinear map (bracket) [-,-]g : A 2 Q — ► 9 an d an algebra homomorphism 
4>g : — > 9 satisfying 

[M x )Ay^ z ]s\B + [My)d z ^ x }b\b + ihi^A^ylela = °- (!) 

A hom-Lie algebra (g, [•, -] g , (f> g ) is said to be regular (involutive), if <f> g is nondegenerate (satisfies 

4>l=U). 

A subspace f) C g is a hom-Lie subalgebra of (g, [•, -] a , (j> g ) if (j> g (t)) C f) and t) is closed under 
the bracket operation [-,-] B , i.e. 

[x,x'] g e f), Vi,x'e t). 

The bracket operation could be extended to A*g via 
[xiA- • • x m ,yiA- ■ ■ y„] g = ^(-l)' i+J [xi,yj] g A<j> g {xi)A- ••£*•• ■A<^ e (x m )A^ B (yi)A- • • y 3 ■ ■ -A<p s (y n ). 

i,j 

By the fact that </> g is an algebra homomorphism, it is easy to see that the extended bracket satisfies 

[P,Q} g = -(-l)(*>-i)(«-i)[Q,P] fl , 
[P,QAR] g = [P,Q] B A^(i?) + (-l)^- 1 ^ B (Q)A[P,i?] B , 

[MP),[Q,R] a ]u = [[ J P,Q] fl ,0 s (i?)] 8 + (-i) (p - 1)(9 - 1) [0 8 (Q),[ J P,i?] 3 ] B , 

for any P 6 A^g, Q £ A?g, i? £ A r g. 

For any i£g, define ad^ : A p g — > A p g by ad^P = [x, P] g . Its dual map ad* : A p g* — > A p g* 
is defined as usual: (ad* $, P) = — ($, ad x P). More precisely, for any £i, • ■ ■ , £ p 6 g*, we have 

«£(& A ■••&)= £ #&) A ' ' ■ <& A ' ' ■ ^^)- ( 2 ) 

4=1 

Definition 2.2. j4 homomorphism of hom-Lie algebras / : (g, [■, -] g , , g ) — > (6, [•, ■]{, cj>t) is 
a linear map f : g — > t such that 

f[x,y] g = [f(x),f(y)] t , (3) 

fo</) B = { o/. (4) 

Let (g, [•, -] B , <f) g ) be a hom-Lie algebra and V be an arbitrary vector space. Let A £ Ql(V) be an 
arbitrary linear transformation from V to V. The notion of a representation of a hom-Lie algebra 
(g, [•, -] g , 4> g ) was introduced in [TT] . 

Definition 2.3. v4 representation of a hom-Lie algebra (g, [■, -] B , cf> g ) on a vector space V 
with respect to A £ Ql(V) is a linear map p : g — > oK^Oj such that for any x,y £ g, the following 
equalities are satisfied: 

(i) p(<f> g (x))oA = Aop(x); 

(ii) p([x,y} g )oA = p((j) g (x)) o p(y) - p{(j) g {y)) o p(x). 



1 The hom-Lie algebras defined here are also called multiplicative hom-Lie algebras in some references. 



We denote a representation by (V,A,p). It is straightforward to see that (g,<j> g ,a.d) is a repre- 
sentation, called the adjoint representation. 

Given a representation (V,A,p), we can construct a new horn-Lie algebra g K p V = (fl © 
^j [') 'WpV, 4> g ffi ^4) as the semidirect product: 

(</>g®A){x,u) = (</> a (x),A(u)), 
[(x,u),(y,v)] SXpV = ([x,y] fl ,/9(x)(-y)-/9(y)(u)). 

Given a representation (V, A, p), define p* : g — > 0l(V*) by 

(p*(x)(a),v) = -(a,p(x)(v)), \/ x € g,a GV*,v €V. (5) 

As observed in [2], (V*, A*,p*) is not a representation of g on ]/* with respect to A* in general. 
However, it is easy to obtain the following result by definition. 

Lemma 2.4. Let (g, [•,•], (f> g ) be a hom-Lie algebra and (V, A, p) be a representation. Then 
(V* , A* , p*) is a representation if and only if the following equations hold: 

(i) A op(<f> s (x))= p{x)oA; 

(ii) Aop([x,y] s ) = p(x) o p(<f> a (y)) - p(y) o p(<j> B (x)). 

A representation (V, A, p) is called admissible if (V* ,A* ,p*) is also a representation, i.e. con- 
ditions (i) and (ii) in the above lemma are satisfied. When we focus on the adjoint representation, 
we get 

Corollary 2.5. Let (s,[','] B ,<t> B ) be a hom-Lie algebra. The adjoint representation (g,</> B ,ad) is 
admissible if and only if the following two equations hold: 

[(Id- ct>l)(x),ct> s (y)} g = 0, (6) 

[(Id-0 2 B )(x),[0 fl (y),z] B ] 8 - [Qd-<fi)(v),[Mx),*] a ]»- ( 7 ) 

Remark 2.6. If (g, [•, -] B , <f) g ) is a regular hom-Lie algebra, Eq. §Q implies that the image of 
Id — <pz, denoted by Im(Id — <pz), belongs to the center of g, denoted by Cen(g). If so, Eq. ([7]) holds 
naturally. Thus, for a regular hom-Lie algebra, the induced map ad* is a representation if and only 
f/Im(Id-0 2 B )cCen( ). 

Definition 2.7. A hom-Lie algebra (g, [•, -] g ,4> g ) is called admissible if its adjoint representation 
is admissible, i.e. Eqs. © and ([7]) are satisfied. 

Corollary 2.8. Let (jj, [•, -Jg,^) be a regular admissible hom-Lie algebra, then we have 

ad;^ 2 (o = ad;e 

Proof. If g is regular, by Eq. ©, we have [4> 2 B {x),y\ B = [x,y] B . Thus we have 

= HM»>$(v)]fl> = -<£»[*>»]«> = <*££»»>. 

which implies the conclusion. ■ 



Lemma 2.9. Let (g, [•, -] B , 4> g ) and (g*, [•, -] B *, B *) &e too admissible horn-Lie algebras. Then we 
have 

[€M$ s ( v )V]b* = [(^) 2 (0 ! ad^ 8 (a) ? ?]s"'- 
Proof. For any idg, since (g, [•, -] B , B ) is admissible, we have 

(l^ ad l B (y)V\a*,x) = -(aDlx,&d* My) r)) = {[<j> a {y),ati\x] 5 ,r)) 

which implies that 

[£,ad; ofe) 77] B , = {Z,<pfa,d* Mv) Ti] B *. 

Since (g*, [■, -] B * , B * ) is also an admissible horn-Lie algebra, we get 

which implies the conclusion. ■ 

The set of fc-cochains on g with values in V, which we denote by C k (g;V), is the set of 
skew-symmetric fc-linear maps from g x • • • X g (fc-times) to V: 

C fc (fl; V) = {f: A fc g — > V is a fc-linear map}. 

A fc-hom-cochain on g with values in V is defined to be a fc-cochain / £ C k (g; V) such that 
it is compatible with <j> g and A in the sense that A o / = / o B , i.e. 

A(f(x 1} --- ,Xk)) = f(<f> s (xi),--- ,<t> s (xh))- 
Denote by C\ A (g; V) the set of fc-hom-cochains: 

C&.xGji V) = {/ 6 C fc (g; V)| A o f = f o fl }. 
In [TT], the author defined the coboundary operator dp : C% A (g; V) — > C k+1 A (g; V) by setting 

fe+i 

dpf(xi,-" ,Xk+l) = ^(-lr+VOgOOX/^l;--' ,Xi,"- ,X k +l)) 
i=l 

+ J2(-^y +J f([x il x j ] s ,cj) B (xi)--- ,Xi,--- ,Xj,--- ,(t> a (x k+ i)). (8) 

i<j 

The equality dp = was proved in [TT]. Thus, we can obtain the cohomology of horn-Lie algebras. 
Associated to the trivial representation, the set of fc-cochains on g, which we denote by C (g), 
is the set of skew-symmetric fc-linear maps from g x • • • x g to K, i.e. C k (g) = A fc g*. The set of 
fc-hom-cochains is given by 

Cj,(g) = {/eAVl/°^ = /}. 

The corresponding coboundary operator dr '■ Ch (g) — > Cj +1 (g) is given by 

d T /(Xl,--- ,Xk+l) = ^2(-lf +J /([x^X^g^six!),- ■ ■ ,Xi,--- ,Xj,--- ,(/) s (xk+l))- 
i<j 



3 Matched pairs, horn-Lie bialgebras, and Manin triples 

Let (g, [•, -} g ,(j) s ) and (g', [•, ■]&,(/>$') be two horn-Lie algebras. Let p : g — > gl(g') and p' : g' — > 
g[(g) be two linear maps. On the direct sum of the underlying vector spaces, g © g', define 

(f>d ■ g © g' — > g © g' by 

(f> d (x,x') = (cf> g (x),4, B> (x% (9) 

and define a skew-symmetric bilinear map [•, -]d : A 2 (g © g') — ► g © g' by 

[(x,x'),(2/,y')]d = ([».J/]fl - P'(y')( x ) + p'{x')(y),[x' ,y'] s < + p(x)(y') -p(y)(x')). (10) 

Theorem 3.1. With the above notations, (g © g', [■, -]d, </>d) «s a horn-Lie algebra if and only if p 
and p' are representations and 

p'(4> B '(x'))[x,y] B = [p'{x'){x),4> B {y)} B + [(j> B {x),p'{x'){y)] B 

+p'(p(y)(x'))(<f> B (x)) ~ P '(p(x)(x'))(My)), (11) 

p(<P B (x))[x',y'] B , = \p(x)(x'),<l> B .(y')] B . + [<l> a .(x'),p(x)(y%. 

+p(p l (y')(x))(^(x'))-p(p'(x')(x))(^(y')). (12) 

Proof. If (q® q' , [■, -]d, 4>d) is a hom-Lic algebra, by the fact that <f>d is an algebra homomorphism 
with respect to [•, •]<;, we have 

<j>d[x,x'] d = [<t> B (x),<f> B '(x')]d, 

which implies that 

<f>g' P(x){x') = p^flCa;))^'^')), (13) 

4> gP '{x>)(x) = p'{<t> B ,{x')){4> B {x)). (14) 

Computing the hom-Jacobi identity for x, y €E g and a:' £ g', we have 

[[a;, y]d, <f> g > (x')}d + [[y, x'] d , <P g {x)] d + [[x',x]d, <f> g (y)]d 

= p([x,y] a )(4> B '(x')) - P'^ gl (x'))([x iy ] g ) + [p(y)(x') - p'(x')(y)^ g (x)]d 
+[p'(x')(x) - p(x){x'), <p B (y)]d 

= p(^,y] B )(^K^O)-p'(0 B '^O)(^y] ) + p'(^)(^O)(^W)-p(0 8 (a ; ))p(y)(x') 

-[ P '(x')(y), 8 (x)] B + [ P '(x')(x), My)), - p'(p(x)(x'))(<f> B (y)) + P (My))p(x)(x') 
= o, 

which implies that 

p([x,v]o) ° to' = p{<t>a{x))p{y) - p{4> g {y))p{x), (15) 

//OMzOXMU = p / (p(2/)(^))(^W)-[p'(^)(y),0 fl W] fl 

+[p'(^)W,0 fl (?/)] fl -p / (p(x)(x'))(0 B (y)). (16) 

Similarly, computing the hom-Jacobi identity for i£g and x' , y' £ g', we get 

p'([x',y'] B >)°(t> B = p'(<f>g>(x'))p'{y')- p'{(t> g >{y'))p'{x), (17) 

p{4> g {x))([x' ,y'] gl ) = p(p'(y')(x))(M(x')) - [p(x)(y'),^(x')} B/ 

+ [p(x)(x')^ g/ (y')] g , - p(p'(x')(x))(M(y')). (18) 



By Eqs. (fT3)) and (|T^|) . we deduce that p is a representation of the horn-Lie algebra (g, [•, -] fl , <^ 8 ) on 
q' with respect to </> B '. By Eqs. (|14p and (|17|) . we deduce that p 1 is a representation of the horn-Lie 
algebra (g', [•, 'Jg',^') on g with respect to </> g . Furthermore, Eqs. (JTSJ) and (|T5|t are exactly Eqs. 
pip and l|12p respectively. This finishes the proof. ■ 

Definition 3.2. A matched pair of horn-Lie algebras, which we denote by (g,g';p, p'), consists 
of two horn-Lie algebras (g, [■, -]g,0g) and (g', [•, -] g ',0 g <), together with representations p : g — > 
gt(g') and p' : g' — > sKs) with respect to <fi g i and (f> g respectively, such that the compatibility 
conditions (|lip and (|12p are satisfied. 

In the following, we concentrate on the case that g' is g*, the dual space of g, and </> g < = <j>* 
p = ad*, p' = ad*, where aO* is the dual map of ad. 

For a horn-Lie algebra (q, [■, -] g ,(j> a ) (rcsp. (g*, [•, -] fl », </> fl .)) 5 let A* : g* — ► A 2 g* (rcsp. A : 
g — > A 2 g) be the dual map of [•, -] g : A 2 g — > g (rcsp. [■, -] fl . : A 2 g* — 5- g*), i.e. 

(A*(0,xAy) = (Z,{x,y} g ), (A(x),£ A r,) = (x, [£,*}*•)■ 

Definition 3.3. A pair of admissible horn-Lie algebras (g, [-, -] g , <f> B ) and (g*, [•, -] B » , <$>*) is called a 
horn-Lie bialgebra if 

<A[x,y] B ,0 B (£)A?7> = (ad^^Afo), ^>*(£) A r?) - (ad^Af^), </>*(£) A r,), (19) 

(A*[£,77] r ,<M20Ay> = <«rt>^ tt )A*(f7),0 J ,(x)Ay)-(aJ>^ w A*(O,^(ar)Av>. (20) 

Usually we denote a horn-Lie bialgebra simply by (g, g*). 

Remark 3.4. TTie notion of a horn-Lie bialgebra has already appeared in some references, e.g. 
[73]/, where A is a 1-cocycle, i.e. 

A[x,y] fl =ad 0o(x) A(y) - ad 0o(y) A(a;). (21) 

If (j) 3 is not invertible, this condition is not the same as the condition in Definition \3.3l For 
example, if <f> g = 0, then for any skew- symmetric bilinear map [-,-] g , (g, [-,-] B ,0) is a horn-Lie 
algebra. Any pair of horn- Lie algebras (g, [-,-] B ,0) and (g*, [•, -] B » , 0) is a horn-Lie bialgebra (no 
restriction on [-,-]g*) in the sense of Definition HOI However, if <j) g = 0, Eq. (|21|) implies that 
A|[ flg ] = 0, i.e. the cobracket [•, -] fl « must satisfy [£,??]g*([£,2/]g) = 0. 

Theorem 3.5. A pair of admissible horn-Lie algebras (g, [■, -] g , <f> g ) and (g*, [■, ■]*, <f>*) is a horn-Lie 
bialgebra if and only if (g, [•, -] B , (f> g ) and (g*, [•, -] B », </>*) is a matched pair of horn-Lie algebras, i.e. 
(g © g*, [•, -]d, </>g © '/'g) is a horn-Lie algebra, where [■, -]d is given by Eq. f| 10[) . in which p = ad* and 
p' = ad*. 

Proof. By Theorem 13.11 two admissible horn-Lie algebras (g, [•, -] g , </> g ) and (g*, [•, -] B », </>*) is a 
matched pair of horn-Lie algebras if and only if 

ad^)[x,y} 3 = [aVlx,(f> a (y)]g + [<f> B (x),at)ly]g + aVl d * i (t) a (x)-at)l dU (t) a (y), (22) 

ad^ (x) [^,7?]g» = [ad*^,^*(r?)] B « + [<?i*(0,ad*7?] B . +ad^, x 0*(O-ad; O | x ^(77). (23) 



By Eq. (J22J, we get 

= (-<tf>£. (5) [a;, y] e + [<®p, c/) g (y)] g + [<j> g (x) , aO|y] B + a5* d »^ fl (x) - aO*, d; , ? B (y), 77} 

= ([^y]flj[0fl(O.»7]fl*) ~ (ad-My)^^) + (ad 0o (. T) aO|?;,?7} 
-(0 fl (x), [adjf, »?],.) + (0 B (y), [ad*,£,77] B .> 

-(*, [^ad^,^],.) + (y, [^ad^.^r?]^) 

= ([^,y] B J^(C),??] o *)-(^[(0;) 2 (e),ad; o(y) r;] B ,) + (y,[(^) 2 (O,ad; o(;c) 77] g .) by Lemma^M 

~(x, [ad^ ( . y) ^*(O,</>0f?] fl *> + (y, [ad^ B(a .)</>*(0,^*r/] fl .> 
= <A[x, y]„ ^(0 A 77) - (Ax, (r s ) 2 (0 A ad; sto) r?) + (Ay, (</>*,) 2 (0 A ad*^) 

-(Ax,ad; 8(j/) ^(0 A ^77) + (Ay, ad; s(x) #(£) A ^77) 
= <A[.T,y] B ,0;(O A 77) - (Ax, ad*^ (<£*(£) A 77)) + (Ay,&d* Mx) (4>* s (0 At])) 
= (A[x,y] e , <£*(£) A 77) + (ad^Ax,^) A 77) - (ad 0e(x) Ay,^(O A 77), 

which is exactly Eq. (fH))) . Similarly, we could deduce that Eq. ([23")) is equivalent to Eq. (J2T3)) . This 
finishes the proof. ■ 

Definition 3.6. A Manin triple of horn-Lie algebras is a triple of horn- Lie algebras (t;g,g') 
together with a nondegenerate symmetric bilinear form S(-, •) on £ such that 

• S(-, •) is invariant, i.e. for any X,y,z E £, we have 

S([x,y] t ,z) = S(x,[y,z] t ); (24) 

S(M*),V) = S{x,<h(3f))- (25) 

• g and g' are isotropic horn-Lie sub-algebras of I, such that t — g © g' as vector spaces. 

Actually, (I, S) is a quadratic horn-Lie algebra, see [5] for more details. A Lagrangian hom- 
subalgebra of a quadratic horn-Lie algebra is defined to be a maximal isotropic horn-Lie subalge- 
bra. 

Let (g, g*) be a horn-Lie bialgebra, i.e. g and g* are admissible horn-Lie algebras such that Eqs. 
(ffU|) and ([2U)l are satisfied. By Theorem l3.51 we know that (0 © 0*, [•, - ]gefl* 1 ^0 © 0n) i s a horn-Lie 
algebra, where [-, -] fl ® fl * is given by 

[« + £, y + ^Bffis- = fa, y\a + [£> ? ?]b* + ad ^ - ad y £ + a5 |y - a K x - ( 26 ) 

Furthermore, there is an obvious symmetric bilinear form on © 0*: 

S(x + Z,y + T}) = (x,ri) + (V,0. (27) 

It is obvious that Eqs. (|24p and (|25|) are satisfied, i.e. the bilinear form defined by Eq. (|27|) is 
invariant. Thus, we have 

Proposition 3.7. Lei (0,0*) be a horn-Lie bialgebra. Then (0©0*;0,0*) is a Manin triple of 
horn-Lie algebras. 



Conversely, if (g © 0*;0,0*) is a Manin triple of hom-Lie algebras with the invariant bilinear 
form S given by Eq. (|27p . then for any x, y G and £, rj G Q*, due to the invariance of S, we have 

which implies that B * = <f>* and 

SCfa C] 3 e B * . v) = s (lv> x ]s>0 = (-ad^y, = (ad*£, y), 
SO^lseB*' 7 ?) = Sfofo^B*) = (<£>&>%) = (-o0|x,7j), 

which implies that 

[%,€\sm* = ad*£ - aO*-a:, 

that is, the hom-Lie bracket on 0©0* is given by Eq. (|2b|) . Therefore, (g, g*; ad*, aO*) is a matched 
pair of hom-Lie algebras and hence (0,0*) is a hom-Lie bialgebra. Note that we deduce naturally 
that both g and 0* are admissible hom-Lie algebras. 

Summarizing the above study, Theorem 13.51 and Proposition 13. 71 we have the following conclu- 
sion. 

Theorem 3.8. Let (jj, [•, -] fl , <p s ) and (g*, [•, -] g » , <$>*) be two admissible hom-Lie algebms. Then the 
following conditions are equivalent. 

(i) (0,0*) is a hom-Lie bialgebra. 

(ii) (0, 0*; ad*, ad*) is a matched pair of hom-Lie algebras. 

(iii) (0©0*;0,0*) is a Manin triple of hom-Lie algebras with the invariant bilinear form (|27l) . 

The bilinear form S(-, ■) given by Eq. (|2"T|) is called the standard bilinear form on © 0*, 
and the hom-Lie bracket given by Eq. (|26p is called the standard hom-Lie bracket on © 0*. 
The Manin triple (0 © 0*; 0, 0*) is called the standard Manin triple. 

Proposition 3.9. Any Manin triple of hom-Lie algebras (6; 0,0') is isomorphic to the standard 
Manin triple (g © 0*; 0, 0*). 

Proof. Since and 0' are isotropic under the nondegenerate bilinear form S(-, ■) on t = q © 0', we 
deduce that 0' is isomorphic to 0*. Thus, 6 is isomorphic to © 0* as vector spaces. Transfer the 
nondegenerate bilinear form 5(-,-)tog©g*, we obtain the standard bilinear form (|2"T|) . 

Denote by <f> s * : g* — > g* the induced map from <fi g i = 4>t\ g '- Due to the invariance of S, we 
show that fl « = <jf . 

It is straightforward to check that the hom-Lie bracket on i can be transferred into © 0* , 
which is the standard hom-Lie bracket (|2^|) . Thus, ({;0,0') is isomorphic to the standard Manin 
triple (0© 0*50,0*). ■ 

4 r-matrices 

For any r G A 2 0, the induced skew-symmetric linear map r" : 0* — > g is defined by 



Definition 4.1. A coboundary hom-Lie bialgebra is a horn-Lie bialgebra (fl, fl*) such that 

(A(x),<j>l(Z)ATi) = ([x > r] ,P B (S)ATt), (28) 

where r G A 2 g satisfies 

B or J o0* =r B . (29) 

A triangular hom-Lie bialgebra is a coboundary hom-Lie bialgebra, in which r is a solution 
of the following classical horn- Yang-Baxter equation 

M B =0. (30) 

Remark 4.2. It is easy to see that Eq. (|29[) is equivalent to that 4>f 2 r = r, which means that r is 
a 0-cochain, see fTJjj for more details. It is also easy to show that if (f> g is orthogonal as a linear 
transformation on g, then Eq. (|29p holds if and only if <fi g or = r" o (f>* 

Proposition 4.3. With the above notations, let (q,Q*) be a coboundary hom-Lie bialgebra. Then 
for any £ G Im(</>*) and rj G g* , we have 

[€,rj\ a * = &d* rtSo4) , {i) ri - a,d* to(t> , {ri) Z. (31) 

Proof. To be simple, assume that r = X A Y is a monomial. We have 

= (A(x),^Ari) = {[x,r} ^Ar]) 

= ([x, X] B A B (y) + ^(X) A [x, Y} a ,£ A V ) 

= (^X] fl ,O(^ (Y),r ? )-([x ! X] fl , ?7 )(«/» g (y),O + (^y] a ^)^ (X),O-(^F] ,O(«/' W.'7) 

-([x,(UY),0X] 3 ,v) + ([xAM^),0y] s ,v) + ([xAMY),v)x] 3 ,0 - ([^AUx),v)Y] B ,0 

-{[x,<y,<f>l(0)X\ a ,ri) + ([x,{X,<l>l@)Y] ,rfi 
= <M o^(O] ,^) -<[*,r*o #(,,)],, $ 

= (x,ad r it O 0»^^ — ad r ii O 0,^)^), 

which implies the conclusion. ■ 

Even though formula (|31|) docs not hold for any £, ?/ G 0*, but we have 

Corollary 4.4. With the above notations, let (q,Q*) be a coboundary hom-Lie bialgebra. Then for 

any (,)) G g*, we have 

^K^lfl* =^B( ad r«o^(e) 7 ?- ad r»o^(^)0- ( 32 ) 

Proof. By Proposition ^. 31 we have 

In the following we prove that 

ad*« o( ^ ) 2 (?) ^*(?7) = </)*ad* Bo ^ (c) ?7. (33) 
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For any i£g, we have 

-(7U^or«o(0;) 2 (O,0 B (x)] B ) 

-(*,[** °<l>l(t)>M*)]a) byEq. @, 

-(r?,[^or»o^(e),0 B (x)] fl ) byEq. @, 

= -(<^M0 B °r»o «/,;(£), x] B ) 

= (ad^ or tt 0<A . (€ )^*(??),a;) 
= (0*ad*« o0 , (c) 



A r, a d r «o<**(£) 7 ?> ;C )- 



The last equality holds since g is admissible, i.e. ad* is a representation. Then we obtain Eq. (l33l) . 
The proof is finished. ■ 

Corollary 4.5. Let (g,g*) &e a coboundary horn-Lie bialgebra. If q is regular, then we have 

ad r « O 0,(£) — ad0 BOr «(£), (34) 

i.e. i/ie image of r* o <f>* — cf> B o r" belongs to the center of g. 
Proof. We have proved that 

Thus, if g is regular, we have 

which implies the conclusion. ■ 

Lemma 4.6. Let g be a regular admissible horn-Lie algebra. If r G A 2 g satisfies Eq. (|29p and 
[') ']a : A"g* — >• g* is given by Eq. pip , i/ien we /iawe 

[r"o^((b»o^( J j)] B -r«o^[^] r ^[r,r] fl (^). (35) 

Proof. For any 7 £ g*, by Corollary 14.51 we have 

(r 8 °^g[£,T?] a *,7) = (ad*„ o0 , ( , ;) C-ad*,« o ^ (o ?7,0 £1 or tt (7)) 

= ^Ho^(O,0 B or«( 7 )] B )-(e,[r«o^( n ),0 s or«(7)] fl ) 
= v7, H o ^(O,^ ° ^(7)] s ) - (t, H ° ^W,r« o ^( 7 )] fl ). 
Then it is straightforward to deduce that 

We leave it to readers. The proof is completed. ■ 

For a coboundary horn-Lie bialgebra (g,g*), if g is regular, Eq. (|28[) reduces to 

A(x) = [x,r] g , (36) 

and for any £, r\ £ g*, [£, 77] g . is given by Eq. (J3"T|) . 
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algebra homomorphism with respect to [•, -] B * is equivalent to <fi® 2 A(x) — A(<fi B (x)). If r satisfies 



Theorem 4.7. Let q be a regular admissible horn-Lie algebra. Define a skew- symmetric bilinear 
map [•, -] B * A 2 g* — > g* by Eq. (|3Tj), for some r £ A 2 satisfying Eq. (J25J). T/ien (0*, [•, ■} 3 *,<j> 3 *) 
is a horn-Lie algebra if and only if 

ad a [r,r] B =0. (37) 

Under this condition, (0,0*) is a coboundary horn-Lie bialgebra. 

Proof. The bracket [•,•]$> is determined by the cobracket A(x) = [x,r] B . The condition <f>* is an 

wit 
Eq. (|29|) . equivalently, <fif 2 r = r, then we have 

A(0 fl (x)) = &,(*), r] fl = [0 B (x),< 2 r] B = < [s,r] fl = <A(z). 
If [•, -] B « satisfies the hom-Jacobi identity, we have 

J(e^,7) = [^(O,^7] *] g *+[^(^,[7,e] B *] fl * + [^(7),[e,^W 
= a dr«o(0*)2(5)(ad rBo 0,^)7 - ad* Bo< ^, (7:) 77) - a d r tto^[7,, 7 ] B » ^g(0 + C -P- 

= ad o or«o0«(o( ad r«o0;(r,)7 - ad *« O 0* (7) r?) - ad^, [^ l7 ] g > B (£) + cp. by Corollary @3| 

= 2 ad * r ' r ]»(^)' ?!) fl^ +C ' P ' byLcmmall^l 

Thus, we have 

(2J(£,77, 7 ),x) = -(^(7),[hr] B (e,77),a;] B ) + c.p. = -(ad*^(7),[r I r] B (e,7?)) + c.p. 

= -[r,r] B (£,??,ad*0*(7))+c.p. 

= ~ h r ]fl (£> ^ ad* 0* -1 (7)) +c.p. by Corollary EH] 

= <-[r,r] B , ad^- 1 ^) A ^(r,) A ^fr))) 

= <ad £C [r,r] B ,0;- 1 (C)A^- 1 (7 ? )A0;- 1 ( 7 )}, 

which implies that under the condition (|2T)1) . (0, [•, -] B » , 0*) is a horn-Lie algebra if and only if Eq. 
(|3"7|) is satisfied. 

At last, if A(x) = [x, r] B , then the compatibility conditions in Definition 13.31 hold naturally. 
The proof is completed. ■ 

Remark 4.8. A similar result was also given in \13\j (see Theorem 4-5 therein). Here we give a 
slightly different approach. 

Let be a regular admissible horn-Lie algebra and r £ A 2 be invertible (that is, r* is invertible). 
Define B £ A 2 0* by 

B(x,y) = (r i (x),y). 

Proposition 4.9. With the above notations, r satisfies the classical horn- Yang- Baxter equation (I3(jp 
if and only if 

B(x, <t> a [y, z] 3 ) + B(z, (f> 3 ([x, x} 3 )) + B{y, 4> 3 {[z, x] g )) = 0. (38) 
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Proof. For any i,|/,z£ g, set x = r*{£),y = r*(rj), z = r*(^f). By Corollary 14.51 and Lemma [4TB1 if 
r satisfies the classical horn- Yang-Baxter equation, we have 

B(x^ B [y,z] s ) = (e> B [r tt (r7),r«( 7 )] 8 } = (^[r»o^(r,),r»o0;( 7 )] ) 

= (^r* o0*(ad^ o</ ,, (l)) 7-ad^ o0 , (7) 77)) 

= (-</ , o ^ tt (O>ad* tto 0j(,)7-ad*j o ^ (T) ?7) 

= (7, [0 8 o r»(T7), B o r»(0]») - fa, [0« ° ?%), ° r*(0]«> 
= S(z, B (b, x] 6 )) - B(y, 8 ([z, x] B )). 

The converse part can be obtained similarly. ■ 

Remark 4.10. If <fi B is orthogonal, or the center of g is zero, by Corollary 14. 51 we have r" o (j>* = 
(/> s or". Thus, we have 

£(^,(3), y) = (r« _1 o fl (x),y) - (^ o r» _1 (a:), y) = {r^\x), cf> g (y)) = B(x, cf> g (y)). 

Therefore Eq. ([55)1 can be rewritten as 

B(0 fl (x), [y, z] 8 ) + B(0 B (y), [z, z] B ) + B(<j> a (z), [x, y] s ) = 0, (39) 

which means that B is a 2-cocycle on g ([!!])■ 

At the end of this section, we consider Lagrangian hom-subalgebras of a horn-Lie bialgebra. 

Theorem 4.11. Let (g,Q*) be a regular horn-Lie bialgebra and R G A 2 g, the graph of B) o </>* 
which we denote by Qr, is a Lagrangian hom-subalgebra of g © g* if i?' o (f>* = <fi g o i?' and £/ie 
following Maurer-Cartan type equation is satisfied: 



d* T R+-[R,R} g = 0, (40) 



where d^ is the coboundary operator for the horn-Lie algebra g* associated to the trivial represen- 
tation. 

Proof. It is easy to see that i?" o B » = <fi g o R$ guarantees that (</> B © 4> s *)Gr C Gr, and Gr is 
maximal isotropic. Next we show that Gr is closed under the bracket operation [•, -] B © B * given by 
Eq. d2S]) if and only if Eq. ([4"0")l holds. First we have 

[R* o r B (0 + e, A* o B (r?) + „],©,. - [i?« o 0*(e), i?« o fl ( ?? )] B - a o;i?« o <t>* B (0 + a^R* ° 0Jfa) 

+[€>v\s* + ad ftMj(«)^~ ad Wj (*?)£■ 
5/j is closed if and only if 

Note that 

[R* ° fl (0 , R^ ° 00 (V)} - R* ° fl (ad^j o0 » (?) 77 - ad^j, o0 , (??) £) 
= [R* o fl (£), i?» o ^(r,)] B - i?« o <%([£, ,,]*) 
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and 

(-0^i?» o «£*(£) + aD|i? J o ^(r?) - i?» o #[&!>]„. >7 ) 

= i?(0*,(£), Mr) - fi(^(i), [e,7] s - fl(K, »/]«•, #W) 
= ^(£,77,7). 

Thus, <7_r is closed if and only if Eq. (T4"0l) holds. ■ 

5 Interpretation of r-matrices in terms of operator forms 

In this section, we give a further interpretation of the classical horn- Yang-Baxter equation. 

Definition 5.1. Let (g, [•, -] fl , <f> a ) be a hom-Lie algebra and (V, A, p) be a representation. A linear 
map T : V — > g is called an 0-operator associated to (V, A, p) if T satisfies 

(i) ToA = 4> s oT, 

(ii) [T(u),T(v)] g = T(p{T(u))v - p{T{v)u)), Vu,veV. 

Recall that a notion of a hom-Nijenhuis operator for a hom-Lie algebra (g, [■, -] B , S ) was intro- 
duced in [llj . which could give a trivial deformation. See [3] for more details about Nijenhuis oper- 
ators for Lie algebras and their applications in nonlinear evolution equations. A hom-Nijenhuis 
operator is a linear map N : g — > g satisfying N o <j> a = <f> g o N and 

[N(x),N(y)} 5 = N([N(x),y] a + [x, N(y)] s - N[x,y] a ). 

It is easy to show that 

Lemma 5.2. A linear map T : V —¥ Q is an O -operator associated to (V, A, p) if and only if 

T \ 

I is a hom-Nijenhuis operator for the hom-Lie algebra g K p V. 

Example 5.3. Let g be a hom-Lie algebra. A multiplicative Rota-Baxter operator (of weight 
zero) R on g is an O-operator associated to the adjoint representation, that is, R satisfies (|10j) 

[R(x),R(y)] B = R([R(x), y] s - [R(y),x]„), V x, y G g. 

Example 5.4. Let g be a regular admissible hom-Lie algebra. Suppose that r 6 A 2 g satisfies Eq. 
(P5|) . By Lemma 14.61 r satisfies the classical horn- Yang-Baxter equation ([5Uf if and only if r" o </>* 
is an O-operator associated to the co-adjoint representation ad* . 

There is a class of Hom-algcbra structures behind: 

Definition 5.5. ([SI [H]) A hom-left-symmetric algebra is a triple (V,-,tp) consisting of a 
linear space V , a bilinear map ■ : V ® V —¥ V and an algebra homomorphism ip : V — > V satisfying 

(u ■ v) ■ ip(w) — tp(u) ■ (v ■ w) = (v ■ u) ■ ip(w) — ip(v) • (u • w), V u, v, w € V. (41) 

It is called regular (involutive), if tjj is nondegenerate (satisfies ifj 2 = Id,). 

The following conclusion is obvious. 
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Proposition 5.6. Let (V,-,ip) be a hom-left- symmetric algebra. 

(i) (g(V), [-, -]v, VO zs a horn-Lie algebra, where q(V) = V as a vector space, and the bracket 
[•, -]y is given by 

[u, v]v = u ■ v —v ■ u. 

We call (g(V), [-,-]vi'4>) the commutator horn-Lie algebra. 

(ii) Let L : V — > fl[(V) &e a linear map defined by L(u)(v) — u-v for any u, v € V. Then (V,ip,L) 
is a representation of the horn-Lie algebra (g(V), [•, •]v p ?V') on V • 

Proposition 5.7. Let (g, [•,•], (f> g ) be a horn-Lie algebra and (V, A, p) be a representation of q. 
Suppose that T : V — >• g is an O-operator. Then there exists a hom-left- symmetric algebra structure 
(V, -,A) on V given by 

u-v = p{T{u))v, V«,«eV. (42) 

Proof. First by T o A — <f> g o T and the fact that(V, A, p) is a representation, we have 

A(u • v) - A(p(T(u))v) - p{^{T{u)))A{v) = p(T(A(u))A(v) - A{u) ■ A(v), 

which implies that A is an algebra homomorphism. Furthermore, we have 

(u ■ v) ■ A(w) — A(u) ■ (v ■ w) — {v • u) ■ A(w) + A(v) ■ (u ■ w) 
= pT(p(T(u))v)A(w) - pT(A(u))p(T(v))w - pT(p(T(v))u)A(w) + pT(A(v))p(T(u))w 
= P T{p(T{u))v - p(T(v))u)A(w) - p((b 3 o T(u))p(T(v))w + p(0 B o T(v))p(T(u))w 
= p[T(u), T(v)] B A(w) - p{4>s o T{u))p{T{v))w + p(0 B o T(v))p(T(u))w 
= 0. 

The last equality holds also by the fact that (V,A,p) is a representation. Therefore, (V,-,A) is a 
hom-left-symmetric algebra. ■ 

The following consequence is obvious. 

Corollary 5.8. With the above conditions, T is a homomorphism from the commutator horn-Lie 
algebra (g(V), [•, -]y, A), given in Provosition \5.b\ to (g, [•, -] , cj> g ). Moreover, T(V) = {T(u)\u € 
V"} C g is a horn-Lie subalgebra of (g, [•, -] fl , <f> g ) and there is an induced hom-left-symmetric algebra 
structure (T(V),-,(j> g ) on T(V) given by 

T(u)-T(v)=T(u-v). (43) 

When we take the adjoint representation, we have the following conclusion. 

Corollary 5.9. ( [TU] [Theorem 4.1]) Let (g, [•, -] g , <p g ) be a horn-Lie algebra and R be a multiplicative 
Rota-Baxter operator (of weight zero). Then (g, -,(f> g ) is a hom-left-symmetric algebra, where the 
multiplication ■ is defined by x ■ y — [R(x), y] g . 

Corollary 5.10. Let (g, [•, -] g , <p g ) be a horn-Lie algebra. Then there is a hom-left-symmetric 
algebra structure (g, •, (j) g ) on g such that the commutator horn-Lie algebra structure is (g, [•, -] g , <f> g ) 
if and only if there exists an invertible O-operator T associated to a representation (V,A,p). 



15 



Proof. Let T be an invertible O-operator associated to a representation (V, A, p). By Proposition 
15.71 there exists a hom-left-symmetric algebra structure on T(V) = g given by 

x-y = T{p{x)T~ 1 (y)). 

Moreover, we have 

x-y-yx = T{p{x)T- l {y) - p^T^x)) = [T(T" 1 )( a; ) ) T(T- 1 )(y)] fl = [x, y] B . 

Conversely, the identity map id : g — >• g is an invertible O-operator associated to the representation 
(g, 4> S ,L) given in Proposition [ 



Corollary 5.11. Let (g, [•, -] g , <j) g ) be a regular admissible horn-Lie algebra. Suppose that B g A 2 g* 
is a nondegenerate skew- symmetric bilinear form satisfying B(tfi g (x), y) = B(x, <j) B (y)) and Eq. (|5H|) . 
Then there is a hom-left-symmetric algebra structure (g,-,<^> B ) on g given by 

B{x -y,z) = -B{^-\y), [x, B (*)] fl ), (44) 

such that the commutator horn-Lie algebra is (g, [•, ■\ g ,4>o)- 



Proof. Let r e A 2 g be determined by (r" [x),y) = B(x,y). By B(<j> 6 (x),y) = B(x,(j) g (y)), we 



have r - " o (/)* = (f) g o r" . Therefore by the proof of Proposition ^. 91 (j) g o r" is an invertible O-operator 
associated to the co-adjoint representation (g*,</>* ad*). Hence by Corollary 15.101 (g,-,cf> g ) is a 
hom-left-symmetric algebra, where the multiplication • is given by 



B(x-y,z) = B(0 B or«(ad*(x)(r« o^" 1 )^))^) = (^ (ad* (x) (r» o^" 1 )^))^) 
= (ad*(x)(r tt o^ _1 )(y),^(2)) = (r 1 o B _1 (?/), -[a;, B (^)] B ) 

such that the commutator horn-Lie algebra is (g, [•, -] B , 4> g ). ■ 

At the end of this section, we study a relationship between an O-operator associated to an 
arbitrary admissible representation and the classical horn- Yang-Baxter equation, which leads to a 
construction of solutions of the classical horn- Yang-Baxter equation in terms of O-opcrators and 
hom-left-symmetric algebras. 

Let (g, [-, -] B , 4> g ) be a hom-Lic algebra and {V, A, p) be an admissible representation. Then we 
have the semidirect product horn-Lie algebra g ix p * V*, and any linear map T : V — > g can be 
view as an element T & £§> 2 (g ® V*) via 

T(£ + u,r/ + v) = (T(u),ri), V £ + u,rj + v € g* © V. 

Let a be the exchange operator acting on the tensor space, then r = T — o~{T) is skew-symmetric. 
Let {vi, ■ • ■ , v n } be a basis of V and {v 1 , ■ ■ ■ , v n } be its dual basis. 

Theorem 5.12. Let T : V — » g be a linear map satisfying T o A = <p g o T . Then r = T — o~(T) is 
a solution of the classical horn- Yang- Baxter equation in the horn- Lie algebra g x p * V* if and only 
if T o A is an O-operator. Furthermore, if A is orthogonal, then we have (<j) g © A*)® 2 r = r. 
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Proof. It is obvious that T can be expressed by T = v l <£> T(vi). Here the Einstein summation 
convention is used. Therefore, we can write r = v l A T(vi). By direct computations, we have 

[r,r]„KV = [v* AT( Vi ),v j AT( Vj )} B kv> 

-lv\T( Vj )} BK v* A 4> s o T( Vi ) A A*v j - [T( Vi ), v j } QKV * A A*v l A </> 3 o Tfa) 

+ [7>O,T(^)] AAVAAV 
= (P*(rfe))K).«™)w m A To A(«i) A (A*v j ,v n )v n 

-{p*{T{vi)){v j ),v n )v n A{A*v\v m )v m AToA{ Vj ) 

+ [T(v i ),T(v j )] a A (A*v\v m )v m A (A*v\v n )v n 
= -v m A (v\p{T{v 3 )){v m ))(v\A{v n ))To A( Vi ) Av n 

+v n Av m A(vJ,p(T(v t ))(vn))(v l ,A(v m ))ToA(v 3 ) 

+(v\A(v m ))(v j ,A(v n ))[T(v i ),T(v j )] s Av m Av n 
= v m Av n ATo A(p(T o A(v n ))(v m )) +v n Av m ATo A(p(T o A(v m ))(v n )) 

+ [T o A(v m ),T o A(v n )] t A v m A v n 
= v m A v n A (T o A(p{T o 4(v„))(v m ) - p(T o A{v m )){v n )) + [T o A(« m ),To A(w n )] a 



Furthermore, since T o A = </> g o T, it is obvious that Toi satisfies (T o A) o A = <fi g o (T o A). 
Thus, r is a solution of the classical horn- Yang-Baxter equation in the hom-Lie algebra g k p + V* 
if and only if T o A is an O-operator. 
Assume that A = (a*), then we have 

(4> s ®A*)® 2 r = A*v l A <t> g o T(vi) = A*v l A T{A Vi ) 
= ay A a^T(v k ) = (a}a%)v j A T{v k ). 

Therefore, if A is orthogonal, we have (<f> a © A*)® 2 r = r. ■ 

Corollary 5.13. Let (V,-,ip) be a regular hom-left- symmetric algebra. Suppose that 

(i) u ■ ip(v) = ip 2 (u) ■ ip{v); 

(ii) ip({u ■ v — v • u) ■ w) = u ■ (ip(v) ■ w) — v ■ (ip(u) ■ w). 

Then r = v l A ip (vi) is a solution of the classical horn- Yang-Baxter equation in the hom-Lie 
algebra q(A) k l * A*. 

Proof. Note that the above conditions (i) and (ii) are exactly the conditions that (V*,ip*,L*) 
is a representation of the commutator hom-Lie algebra g(A) with respect to ip*. Moreover, the 
identity map id = f/; -1 o ip : V — > g(V) is an O-operator associated to the representation (V, ip, L). 
Therefore, the conclusion follows from Theorem 15. 121 ■ 
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